We show that the Lagrangian for interacting nonrelativistic particles can be coupled to an external gauge field and metric tensor in a way that exhibits a nonrelativistic version of general coordinate invariance. We explore the consequences of this invariance on the example of the degenerate Fermi gas at infinite scattering length, where conformal invariance also plays an important role. We find the most general effective Lagrangian consistent with both general coordinate and conformal invariance to leading and next-to-leading orders in the momentum expansion. At the leading order the Lagrangian contains one phenomenological constant and reproduces the results of the Thomas-Fermi theory and superfluid hydrodynamics. At the next-to-leading order there are two additional constants. We express various physical quantities through these constants.
Motivation
Symmetry is one of the most important ideas in modern physics. Frequently, the identification of the symmetries of a physical system is the key to understanding it. In this paper we identify a new type of symmetries of nonrelativistic physics, which are manifest when the system is put in curved space, yet less evident in flat space.
The uncovering of these symmetries comes from our attempt to understand the properties of the so-called "unitary" Fermi gas, which is a gas of fermions which interact with each other through a zero-range two-body potential tuned to infinite scattering length a = ∞. This system has been studied theoretically for some time [1, 2, 3] , but only recently did it become realized in experiments with trapped atoms using a Feshbach resonance [4, 5, 6, 7, 8] . What is special about this system the absence of any intrinsic parameter, except for the number density. Unfortunately, this same feature means that there is no small coupling constant on which to build a reliable perturbation theory. It is therefore imperative that we find and exploit all the symmetries of this system.
Despite the strong coupling, we are now certain that the ground state of the unitary Fermi gas is a superfluid. We also have, as our starting point, at least two theoretical frameworks which allow one to solve certain problems involving the unitary Fermi gas in a reliable fashion. These are the Thomas-Fermi theory and superfluid hydrodynamics. The two theories are very similar: both make no attempt to solve the problem at the microscopic level; they are both valid in the long-wavelength regime, when the characteristic length scale of the problem is much larger than all microscopic scales (including the healing length); and they need as an input at most one parameter (which is denoted as ξ in Eq. (1) and characterizes the zero-temperature equation of state.) The total energy and the oscillation frequencies of unitary Fermi gas in a trap [9, 10] can be computed using these approaches. The input parameter ξ is not fixed within these theories, but can either be measured experimentally or computed by Monte-Carlo simulations.
However, until now it is not possible to systematically include corrections to either the Thomas-Fermi theory or superfluid hydrodynamics. At weak coupling there is no fundamental obstacle to compute these corrections, but our tools do not work at strong coupling. These corrections can be considerable if we want to study the physics at length scales not much larger than the healing length.
The main, utilitarian motivation of this paper is to develop a systematic way to go beyond the leading order in the long-wavelength expansion. This is done using an effective field theory (EFT) [11] . The central idea of the EFT philosophy is a power expansion over momentum (or inverse wavelength), instead of the usual perturbative expansion over powers of the coupling constant. This makes EFT particularly suitable for problems involving strongly coupled systems in the long-wavelength limit. Naturally we find that at leading order the EFT reproduces the Thomas-Fermi theory and superfluid hydrodynamics. However, in principle, the EFT can be extended to arbitrary order in the expansion over momentum at the cost of introducing an increasing number of free parameters. The form of the effective Lagrangian is constrained only by the symmetries of the system under study.
Somewhat unexpectedly, putting all possible constraints on the next-to-leading order (NLO) Lagrangian turns out to be a very nontrivial problem in the case of the unitary Fermi gas. In this paper, this task is accomplished by temporarily putting the system in curved space and exploiting the properties of general coordinate invariance and conformal invariance. Working in curved space necessitates the use of certain mathematical tools normally employed only in general relativity, but what we find at the end is quite nontrivial and worth the effort. In addition to one free parameter at the leading order, one needs just two parameters to characterize the NLO Lagrangian. These parameters cannot be computed within the EFT, but since the number of physical quantities that can be computed is greater than three, the EFT has real predictive power.
We start the paper with a summary of some results that can be obtained using the EFT (Sec. 2). Then in Sec. 3 we show that the Lagrangian for interacting nonrelativistic particles can be coupled to background gauge fields and spatial metric in a way that respects gauge invariance and the general coordinate invariance. The general coordinate invariance is a gauge version of the translation and Galilean transformations. In Sec. 4 we study the conformal invariance of unitary Fermi gas. We then proceed, in Sec. 5 and 6, to find the most general effective Lagrangian, to leading and next-to-leading orders, that is consistent with these symmetries. Some applications of the EFT are considered in Sec. 7. We conclude with Sec. 8.
Summary of results
Here we give a brief summary of the result of this paper for the unitary Fermi gas. We do it here to give the reader a sense of the power and the limitations of the effective field theory derived in the paper. We work in the unit system where = 1. We denote the number density as n and the fermion mass as m, from which we define the Fermi momentum
, and the Fermi velocity v F = k F /m. We introduce the dimensionless parameter ξ, defined as the ratio of the energy density of the unitary Fermi gas to the energy density of a free Fermi gas at the same density,
First we shall show that the dynamics of the gas is described, to leading order, by the Lagrangian,
where ϕ is the phase of the condensate, µ is the chemical potential, V (t, x) is the trapping potential, and c 0 is a dimensionless parameter. The leading-order Lagrangian captures the same information as the Thomas-Fermi theory and superfluid hydrodynamics. The coefficient c 0 is directly related to the parameter ξ, defined in Eq. (1), by
and has to be determined microscopically.
To the next-to-leading order in the low-momentum expansion, the effective Lagrangian has the form
where we have introduced the shorthand notation
and c 1 and c 2 are two additional dimensionless parameters that appear at the NLO level. Many quantities can be computed using the effective Lagrangian. Let us consider infinite system first (V = 0). The dispersion relation for low-energy phonons is
The static density and transverse response functions are
The predictive power of the EFT is illustrated by a relation between the nonlinear q 3 term in the phonon dispersion (6) and the static response functions,
In addition, we also find the ground-state energy of a system of N particles in a harmonic trap to be
where ω i , i = 1, 2, 3 are the trap frequencies,ω ≡ (ω 1 ω 2 ω 3 ) 1/3 .
3 Nonrelativistic general coordinate invariance
Statement of general coordinate invariance
Let us first consider a system of noninteracting particles (fermions or bosons). Instead of letting particles move freely in flat space, we will put the system in an external gauge field
and a curved three-dimensional manifold with the spatial line element
As indicated in Eq. (11), the metric on the manifold is, in general, time-dependent, so the manifold can change shape with time. The spatial indices i, j, . . . will be raised and lowered by the metric g ij and its inverse g ij . The determinant of g ij is denoted as g. The action of
The infinitesimal version of (13) and (14) is
We note that while the gauge parameter α in Eq. (15) can be a function of both time and space, so far we have considered the gauge parameter ξ i (which is the coordinate shift,
to be time-independent. In fact, if one attempts to make ξ i time-dependent, one finds that the action is not invariant, but acquires a change proportional to the time derivative of ξ i ,
However, the invariance of the action can be restored by a small modification of the transformation laws (15) . The modified transformations read
It is straightforward to verify that terms proportional toξ k now cancel in δS. (Had we written the time-derivative term in the asymmetric form iψ † ∂ t ψ this would not be true.)
We shall call (17) the nonrelativistic general coordinate transformations, or simply general coordinate transformations. The action is said to be general coordinate invariant. Let us discuss the relationship between the transformations (17) with the more familiar Galilean transformations. In contrast to (17) , the Galilean transformations are defined in flat space, g ij = δ ij . They can be thought of as a special class of (17) with a particular choice of α and ξ i :
This leaves the flat metric unchanged while transforming other fields,
Note that in Eqs. (19) terms proportional to v 2 and higher orders of v have been dropped.
Thus any theory with general coordinate symmetry is automatically Galilean invariant when restricted to flat space.The transformations (17) can be thought of as a gauge version of the translation and Galilean transformations. A similar "gauging" of nonrelativistic spatial translations has been considered previously [12] . A subclass of (17) which does not change the flat metric has been considered in Ref. [13] . So far we have considered the noninteracting theory. It is easy to introduce interaction into the theory in a way that respects general coordinate invariance by introducing auxiliary fields. For example, the theory with the following Lagrangian,
is consistent with general coordinate invariance, as one can make σ transform as
In flat space (20) describes a system of particles interacting though a Yukawa two-body potential,
We thus have an example of an interacting theory where coupling to an external gauge field and a metric can be introduced in a way consistent with general coordinate invariance. We have not demonstrated that general coordinate invariance can be achieved for any two-body potential. However, our foremost interest is in systems with universal behavior, where only the scattering length a is important, not the details of the two-body potential. For this purpose, the Lagrangian (20) is sufficient. In particular, infinite scattering length is achieved by fine-tuning q 0 and r 0 so that 
when the first bound state appears at threshold. To achieve universality we also need to keep r 0 smaller than any physical length scale. The universality of the fermionic system with infinite scattering length means that one can choose q 0 and r 0 arbitrarily (keeping r 0 small), and the physics does not depends on our choice if Eq. (23) is satisfied. One can even make q 0 and r 0 time-dependent and nothing will depend on their values, if the fine-tuning condition is kept at all time. This remark will be important in our subsequent discussion. We have found the transformations (17) by trial and error. An alternative way to arrive to these transformations is by taking the nonrelativistic limit of the relativistic general coordinate invariance. The second way is instructive and will be useful for us when we try to write down an effective Lagrangian consistent with general coordinate invariance. We will describe it in the next Section.
The relativistic root of nonrelativistic general coordinate invariance
Consider a relativistic field theory of one free complex scalar field Ψ in a external fourdimensional metric g µν . We use the (−+++) metric signature with x µ = (ct, x) and ds 2 = g µν dx µ dx ν . We keep track of the speed of light c in order to send c → ∞ in the nonrelativistic limit. The action,
is invariant under the infinitesimal general coordinate transformation
In the nonrelativistic limit we take c → ∞. We assume that in this limit Ψ has a fast phase rotation in time solely due to its rest mass, which can be factored out to yield the nonrelativistic field ψ,
The metric is taken to have the (00) component close to −1 and small (0i) components,
where A 0 , A i , and g ij are kept fixed in the limit c → ∞. The inverse metric is
where (26) and (27b) into the action (24), one reproduces (12) after discarding terms containing negative powers of c. Note that the g 00 and g 0i components of the 4D metric tensor now appear as the gauge field in the nonrelativistic action, in a manner reminiscent of the Kaluza-Klein mechanism [14] . Taking the coordinate shift ξ µ of the form
where α is fixed in the limit c → ∞, Eqs. (25) reduce to Eqs. (17) . Thus we can understand (17) as a nonrelativistic limit of the relativistic general coordinate invariance.
General coordinate invariance and conservation laws
We now show that the general coordinate invariance implies conservation of particle number and momentum. We also will find that in theories with general coordinate invariance the number current coincides (up to a factor of m) with the momentum density.
The connected part of the generating functional W is formally defined as a path integral
The correlation functions of operators coupled to the sources can be found by differentiating W with respect to its arguments. General coordinate invariance implies, to linear order in α and ξ i ,
where δA 0 , δA i , and δg ij are defined as in Eqs. (17) . Expanding the left-hand side of Eq. (30) to linear order in α and ξ i , one finds
where
Eqs. (31) can be interpreted as conservation of particle number and momentum. Here n is the number density, j i is the number flux, T 0i is the momentum density and T i k is the stress tensor. We also notice that in flat space and in the absence of the vector potential the momentum density is proportional to the number current,
This is the condition previously used by Greiter, Wilczek, and Witten [15] to find the effective field theory of superfluids. Any theory which is general coordinate invariant automatically satisfies (33).
Scale and conformal symmetries
The Lagrangian of noninteracting particles (12) exhibits scale invariance, which is an overall rescaling of time and fields,
It is useful to introduce the notion of scaling dimension. An operator O is said to have
Note that the scaling dimension of a product is the sum of scaling dimensions:
. Also, one can assign scaling dimensions to space and time derivatives,
In this language,
and
, so S is invariant.
1
In fact, the action is invariant under a larger set of transformations, which involves arbitrary reparametrization of time t → t ′ = t ′ (t), simultaneous with rescaling of A 0 and g ij ,
The infinitesimal version of (37) is
We shall call this transformation the conformal transformation. 2 The scale transformation (36) is a particular case of conformal transformations with β being a linear function of time: β = bt.
In general, if a field O transforms under conformal transformation as 
The extra term proportional toβ prevents us from assigning the conformal dimension ∆ O +1 toȮ, unless ∆ O = 0. (This term is absent for scale transformations where β is linear in t.) 1 The zero scaling dimension of x and A i in Eq. (36) may seem somewhat unnatural, but that is because we have assigned g ij a scaling dimension of −1. 2 In the literature [16, 17] the term "conformal transformation" was used for a particular a combination of (38) and the general coordinate transformation (17) 
where C is a constant. This combination leaves the trivial background
Therefore while an operator with a conformal dimension has a scaling dimension, the reverse is not true in general. Note that the Lagrangian (12) contains a term with a time derivative but still have a well-defined conformal dimension of 5 2 , since theβ terms cancel out between the variations of ψ † ∂ t ψ and ∂ t ψ † ψ. Again we see that the symmetric from of the time-derivative term is preferable. The conformal symmetry is generally broken when one turns on an interaction. We now show that conformal invariance becomes exact again in the limit of infinite scattering length. For that we can use the model with Yukawa interaction (20) . If we take σ to transform the same way as ψ,
then after substitution, we see that two terms in the action, q 0 ψ † ψσ and −σ 2 /(2r 2 0 ), change under the conformal transformation. The effect is that the constants q 0 and r 0 are replaced by new time-dependent constants
However, we recall that the condition of infinite scattering length corresponds to mq 2 0 r 0 equal the critical value (23) . We can see that this condition is not violated under the conformal transformation. Thus we can make use of the freedom in choosing q 0 and r 0 to transform it back to the original constant q 0 and r 0 , without changing the generating functional W . Therefore, the generating functional of a system tuned to infinite scattering length is conformally invariant. This property of unitary Fermi gas will be used in Sec. 6.
Finally, we note that in contrast to the general coordinate transformations, the scale and conformal transformations described above are not descended from the relativistic counterparts.
5 The superfluid effective theory
Preliminaries
It is now well established that Fermi gas remain superfluid in the whole range of the parameter k F a from the BEC to the BCS regimes. Superfluids provide the simplest nontrivial application of general coordinate invariance. At long distance the only physical degree of freedom is the phase of the condensate. We shall therefore construct an effective field theory of the this phase.
For a system consisting of bosons, the field is defined as the phase of the microscopic field,
For fermions, we define θ as half of the phase of the Cooper pair,
Frequently, one describes a system at finite chemical potential µ by including the term µψ † ψ into the Lagrangian. This approach is not suitable for our purposes since this term breaks general coordinate, scale and conformal symmetries. Instead we shall write the Lagrangian without the µψ † ψ term. The chemical potential enters the problem through the choice of the ground state. In particular, the superfluid ground state of a system at chemical potential µ corresponds to θ = µt. We will frequently expand
where fluctuations of ϕ around zero correspond to phonon excitations. The breaking of symmetries is now spontaneous, i.e., it comes from the choice of the ground state (45). Let us first discuss the theory in free flat space (A 0 = A i = 0, g ij = δ ij ). The effective field theory is formulated as a Lagrangian L eff (θ). This Lagrangian has a shift symmetry θ → θ + const, due to the global symmetry with respect to phase rotation of ψ. Due to this symmetry, θ does not appear without derivative. So when we expand the Lagrangian in power series over derivatives and over θ, we encounter in each term at least as many derivatives as θ. Consider a few representative term in this expansion:
The most naive power counting scheme is to consider θ ∼ 1 and each derivative as O(p). In this scheme, the first term in (46) is O(p 2 ), while the last two terms are O(p 4 ). However, the power counting scheme that is most useful is to count ∂ t θ and ∂ i θ as O (1), and additional time and space derivatives as O(p). This is possible since, as we have seen, θ always appears with at least one derivative. In this second power counting scheme, the first two terms in ( 
In the second power counting scheme, the leading order effective Lagrangian sums up all terms where the power of θ is equal to the total number of space and time derivatives. Thus it is a function of first derivatives of θ,
which may contain, upon series expansion, terms with any power of ∂ϕ. So far we have not discussed the background fields A 0 , A i , and g ij . Since A 0 and A i appears with in covariant derivatives, it is natural to assume that all fields scale as O (1) and their first derivatives as O(p). In fact, in a trap where one has to treat the trapping potential A 0 as a quantity of order 1, the second power counting scheme with ∂θ ∼ 1 is the only consistent one.
Symmetry requirements on the effective Lagrangian
The effective theory should inherit the general coordinate invariance of the microscopic theory. This means that the effective action is invariant under the general coordinate transformations. Since
we need the Lagrangian density to transform as
so that the action is invariant
Equation (50) means that L has to transform as a scalar under general coordinate transformations. We shall assume that the microscopic theory is invariant under time reversal, which means that the effective theory is invariant under
This time reversal invariance has an important consequences for the momentum expansion of the EFT. This invariance implies that in each term, the difference between of the number of time derivatives and the number of θ is even,
Due to rotational symmetry and parity (which forbids ǫ ijk ), the number of spatial derivatives have to be even, since the spatial indices have to contract pairwise. Therefore we have
which means that the terms in the effective Lagrangian are proportional to even powers of p. Therefore the next-to-leading order terms in the Lagrangian are O(p 2 ), the next-to-nextto-leading terms are O(p 4 ), etc.
Leading-order effective Lagrangian
Let us now turn on A µ and the curved metric. The leading-order effective Lagrangian, as we have discussed, should be a function of a finite number of variables which are O(p 0 ):
Gauge invariance and invariance with respect to three-dimensional general coordinate transformations (with time-independent ξ i ) limit the Lagrangian to be a function of two variables,
Now we require the invariance of the effective theory with respect to general coordinate transformations
Under (58) we have
This means that only one combination of these two variables transforms as a scalar, which is
and the leading-order effective Lagrangian has to be a function of this combination,
If we now set the metric to flat and external fields to zero, then we find the most general form of the Lagrangian for superfluids,
which was previously found by Greiter, Wilczek, and Witten [15] using a different line of arguments.
Lagrangian density and thermodynamic pressure
We now show that the function P in the leading-order Lagrangian is identical to the function that defines, at zero temperature, the pressure as a function of the chemical potential, P = P (µ). For that purpose, we notice that the particle number density can be found by differentiating the Lagrangian with respect to A 0 , and is equal to
The ground state at a chemical potential µ corresponds to θ = µt, which means X = µ. This implies P is a function satisfying n(µ) = P ′ (µ) where n(µ) is the equilibrium number density at chemical potential µ. That means P is the thermodynamic pressure, up to a constant. The constant is not important in any situation and will be set to zero.
Nonrelativistic superfluid as a limit of relativistic superfluid
It is also possible to obtain the Lagrangian (63) by taking the nonrelativistic limit of the effective Lagrangian of relativistic superfluids. The field appearing in the effective Lagrangian is the phase Θ of the relativistic field Ψ (see Eq. (24),
From Eq. (26), the relation between Θ and the nonrelativistic phase θ is
To leading order, the effective Lagrangian is a function of ∂ µ Θ. Due to Lorentz invariance, it has to have the form
From Eqs. (66) and (27b) one finds
So, in the nonrelativistic limit the Lagrangian is a function of X, as found in Eq. (62). It is shown in Ref. [18] that the function L 0 (T ) coincides with pressure at chemical potential equal to
. This is consistent with our previous result, since the difference between the relativistic and nonrelativistic normalizations of the chemical potential is the rest energy mc 2 .
Relation to other approaches
For completeness, we include here a discussion of the relation of the Lagrangian (63) and its derivation with other, more frequently used, approaches. We also derive some well-known results using the effective Lagrangian.
General coordinate invariance versus Galilean invariance
Galilean invariance is sufficient to obtain the leading order Lagrangian. We recall that the Galilean transformations (18) are particular cases of general coordinate transformations. The Galilean transformations leave flat metric unchanged. Under these transformations,
from which we see that the only combination which is rotationally and Galilean invariant is
A natural question arises: does Galilean invariance in general guarantee general coordinate invariance? The answer is no. We shall see in Sec. 6 that at the next-to-leading order, Galilean invariance is not sufficient to constrain the form of the effective Lagrangian.
Effective Lagrangian and superfluid hydrodynamics
From Eqs. (63) and (45) we can derive the field equation for ϕ,
In Eq. (70) n is the equilibrium number density at chemical potential equal to X =θ − (∂ i θ) 2 /(2m). This is the continuity equation of superfluid hydrodynamics, if we identify the superfluid velocity with the gradient of θ,
In superfluid hydrodynamics one regards n and ϕ as independent variables. The second equation of superfluid hydrodynamics describes time evolution of ϕ comes from the definition of n,φ
Here µ(n) is the chemical potential at which the number density is equal to n.
Phonon velocity and interaction
We can determine the phonon spectrum by expanding the Lagrangian (63) to quadratic order in ϕ (recall that θ = µt − ϕ). The Lagrangian is then
The first term is constant, and the second term is a full derivative and does not contribute to the field equation. The two last terms determine the phonon speed to be
In performing the last transformation we have use the thermodynamic relation dP = ndµ and the definition of mass density ρ = mn. The speed of sound is given by the same formula as in normal fluids (however here the sound is not collisional.) Expanding the Lagrangian further, one can find the interaction vertices. The interaction between phonons, at leading order in momentum, is determined solely from the equation of state. This nontrivial result is actually not new. Its relativistic equivalence was derived in Ref. [18] . In the nonrelativistic setting, it was known in the Hamiltonian formalism, which we discuss next.
Effective Hamiltonian
From the effective Lagrangian (63) one can derive the equivalent Hamiltonian. The variable conjugate to the phase θ is the number density,
The equal-time commutation relation between n and θ is
The Hamiltonian is then
Note that the function nX − P (X) is the Legendre transform of P (X). Since P (X) is the pressure as function of chemical potential, its Legendre transform is energy as function of number density ǫ(n). Therefore,
The Hamiltonian is the sum of the kinetic energy ρv 2 s /2 and the internal energy not associated with the macroscopic flow, ǫ(n). This Hamiltonian is well known. It was used, e.g., to find the interaction between phonons [19] . The Lagrangian −nθ − H is sometimes called Popov's hydrodynamic Lagrangian [20] .
Effective Lagrangian for a unitary Fermi gas
The equation of state of a unitary Fermi gas is known up to a constant. Due to the absence of any internal scale, by dimensional analysis the pressure has to be of the form
where c 0 is a dimensionless variable. The leading-order effective action is then,
The fractional power in Eq. (80) is not problematic, since we always expand around the ground state θ = µt. As expected, the Lagrangian (80) is invariant under infinitesimal conformal transformations
Taking the Legendre transform of P (µ), we find the energy density as a function of the number density. This is proportional to the energy density of a free Fermi gas at the same density, with the coefficient of proportionality ξ,
The parameter ξ is estimated to be around 0.4 from quantum Monte Carlo simulations [21, 22] (but see also Ref. [23] ). We can express c 0 via ξ,
At large, but finite, scattering length a the effective Lagrangian contains an extra term proportional to a −1 ,
where d 0 is some constant. The term proportional to d 0 violates scale and conformal symmetries explicitly.
6 Superfluid EFT to NLO
NLO terms versus loops
The leading-order effective Lagrangian allows one to compute all quantities of interest, e.g., scatterings amplitudes or correlation functions, to leading order in momentum. The corrections to these leading-order results come from two sources. First, the Lagrangian contains terms subleading in derivatives; these terms contribute, at tree level, subleading contributions to the scattering amplitudes and correlation function. As explained above, these corrections start at O(p 2 ) order. The second source of corrections are loop diagrams, constructed using the leading-order Lagrangian. results, one can work at tree level.
To estimate the size of loop corrections, it is useful to work in the unit system where the sound speed is c s = 1, so energy and momentum has the same dimension. The dimension of the Lagrangian is 4 (momentum 4 ). We also rescale ϕ so that the quadratic terms in the Lagrangian is normalized canonically. The dimension of ϕ is then 1. The interaction terms will have coefficients which can be estimated from dimensional analysis,
Here µ is the chemical potential and all dimensionless coefficients are, in general, of order one. Figure 1 : A one loop contribution to the phonon self-energy.
Ô Ô
As an example of a loop diagram, consider a one-loop correction to the phonon dispersion relation (Fig. 1) . The graph is divergent and has to be regularized. After dimensional regularization it becomes a finite function of the external momentum p, with a possible logarithmic singularity. However we know that the graph contains two three-phonon vertices and hence is proportional to µ −4 . The self-energy has dimension 2. Therefore we conclude that
which is suppressed by O(p 4 ln p/µ 4 ) compared to the tree-level result O(p 2 ). Consider another example, which is a one-loop correction to phonon-phonon scattering amplitude (Fig. 2) Generalizing to more complicated diagrams and processes, we see that we have to compute loops only when we want to know the answer to order p 4 compared to the leading-order result. If we want to know the answer only to the leading and next-to-leading order, treelevel calculation using the Lagrangian with subleading terms should suffice.
Structures of NLO terms
To find all terms allowed to the next-to-leading order, it is most convenient to work in the relativistic theory and then take the nonrelativistic limit.
In the relativistic theory, the next-to-leading terms contain two derivatives more than the field Θ. They have the form Q i F (X), i = 1 . . . 7, where F is an arbitrary function of X, and Q i are Lorentz scalars which are of order p 2 :
Here ∇ µ is the covariant derivative, Θ ≡ ∇ µ ∂ µ Θ, R µν is the Ricci tensor, and R ≡ R µ µ (see Ref. [24] and Appendix A). The terms proportional to the Ricci tensor are O(p 2 ) since R µν contains second derivatives of g µν ∼ O(1). We now use the field equation to exclude redundant terms from (87). To leading order, where the Lagrangian is L = L 0 (T ), the field equation can be written as
terms (87) to the Lagrangian, there will be higher corrections to this equation:
By using the field equation one can express Q 1 and Q 2 through Q 4 :
so they are not independent. In addition, one term from (87) can be written as a linear combination of other terms, up to a full derivative,
Therefore there are only four independent terms remaining from the original seven, and
where F 1 , F 2 , F 3 , and F 4 are arbitrary functions. Now all we have to do is to take the nonrelativistic limit of the terms appearing in (91). Consider the F 1 term. Notice that
For the F 2 term, we first recall that
The coefficient in front of F 3 can be expanded as
where all three terms survive in the limit c → ∞ since R 00 = O(c −2 ), R 0i = O(c −1 ), and R ij = O(1) [see Appendix A where the components of the Ricci tensor are computed for the nonrelativistic metric (27) ].
The coefficient in front of F 4 is the Ricci scalar, which reduces to the Ricci scalar of the 3D space in the nonrelativistic limit after neglecting terms of order c −2 and higher:
Thus, we arrive to the most general NLO Lagrangian consistent with general coordinate invariance,
, and raising/lowering indices and covariant derivatives are done using the 3D metric g ij . Now having made use of the general coordinate invariance, we dispense with the curved space and set the metric to flat, g ij = δ ij . The NLO Lagrangian becomes much simpler,
The f 4 term is not important in flat space. If one retains only A 0 and sets A i = 0 (which would preclude one from calculating the transverse response function, see Sec. 7), then the Lagrangian is even simpler
General coordinate versus Galilean invariance
We have mentioned above that, at the leading order, general coordinate invariance is not more powerful than Galilean invariance: both yield the Greiter-Wilczek-Witten Lagrangian. However, at the next to leading order, general coordinate invariance is more restrictive than Galilean invariance. In other worlds, one can write down Galilean invariant terms which are not general coordinate invariant.
To see that, we write down the infinitesimal Galilean transforms (recall that we are in flat space),
All three terms in Eq. (103) are Galilean invariant, as they should be since general coordinate invariance implies Galilean invariance. However, one can directly check that each of the following three expressions is Galilean invariant,
but, in fact, the third expression does not enter the Lagrangian (103) at all, and the first two enter the Lagrangian only through one particular linear combination. Therefore if one relies only on Galilean invariance one would conclude incorrectly that the NLO Lagrangian involves five arbitrary functions, instead of three. When one only keeps the trapping potential A 0 , setting A i = 0, general coordinate invariance allows one to exclude a term of the form (∂ i A 0 ) 2 f (X) from appearing in the Lagrangian (104).
Scale invariance and conformal invariance
Unitary Fermi gas does not possess an intrinsic scale, therefore the functions f i (X), i = 1, · · · 4 above should be powers of X. Requiring the invariance of the action under scale transformations t → λ −1 t, g ij → λ −1 g ij , one finds that
The powers of X can be found from counting the scaling dimension and requiring that
(note that [X] = 1); the powers of m are written to make c i dimensionless. Therefore, instead of three arbitrary functions of X, the NLO Lagrangian for unitary Fermi gas involves three dimensionless phenomenological constants c 1 , c 2 , and c 3 (four in curved space, with
Remarkably, conformal invariance further reduces the number of independent constants to two (three in curved space). Performing the infinitesimal transformation (81), we find that S 1 = L 1 and S 4 = L 4 are separately invariant. Indeed, their expressions contain only spatial derivatives of elementary fields, and thus have conformal dimension equal to the scaling dimension. However, L 2 and L 3 contain time derivatives of the metric tensor and hence do not have well-defined conformal dimension. Thus S 2 = L 2 and S 3 = L 3 change under conformal transformations,
A closer investigation reveals that the two contributions cancel each other for a particular ratio of c 2 and c 3 . To see that, we perform integration by part in Eq. (109), and make use of the leading-order field equation,
to obtain
The contribution coming from the last term in the brackets can be further integrated by parts,
One thus finds
Therefore, conformal symmetry can be satisfied if one requires
(In d spatial dimensions we would have
Thus, we find that the NLO effective Lagrangian of unitary Fermi gas in flat space and in the presence of background gauge fields involves only two independent additional constants,
If we retain only the trapping potential A 0 and set A i = 0, then the effective Lagrangian becomes
The two parameters c 1 and c 2 are universal constants and need to be determined from microscopic computations. In Sec. 7 we shall see how these coefficients appear in physical quantities, which suggests methods to extract them. We will also show that c 2 is positive.
Physical applications
In this section, we compute some physical quantities using the NLO effective Lagrangian. Our aim is not to go through an exhaustive list of applications, but just to demonstrate the predictive powers of the EFT. Further calculations are deferred to future work. In this Section we use the unit system = m = 1.
Phonon dispersion relation
Consider an infinite system with no trapping potential A 0 = A i = 0. Expanding the effective Lagrangian to quadratic order in ϕ, we find
The phonon dispersion relation is found by solving the equation
The solution is
Using µ = ξǫ F and Eq. (83), we can write the result in the form
We reproduce the linear part of the phonon dispersion with the velocity c s = ξ/3 v F , but we also find the nonlinear q 3 term in the dispersion. This correction depends on the combination 2c 1 + 3c 2 . In particular, if 2c 1 + 3c 2 < 0 the dispersion curves up and a low-energy phonon can decay into two phonons. In the opposite case such a process is kinematically forbidden.
Static density response function
The EFT allows one to compute any correlation functions in the long-wavelength, lowfrequency regime. Here we concentrate on the static response functions, as these functions are most readily computable using Monte-Carlo techniques. The static density response function χ(k) is defined through the response of the medium to a small potential A 0 [25] . If one introduces the time-ordered density-density correlation function,
It is related to the dynamic structure function S(ω, q),
through a dispersion relation
therefore if we define the transverse current-current correlator,
then the transverse response function is related to G ⊥ in the following way:
At zero temperature, the static transverse response function approaches zero in the low momentum limit lim
a fact that corresponds to the vanishing of the normal density. There is a dispersion relation relating χ T with the dynamic transverse structure function Υ T (ω, q):
where Υ T is positive, so χ T (q) < 0.
The transverse response function can be computed from a formula analogous to (126), where A 0 is replaced by the A ⊥ . Again in the presence of transverse static A i the field equation yields ϕ = 0, and the Lagrangian density is simply
We find
But since χ T (q) < 0 we conclude that c 2 > 0.
Energy of unitary Fermi gas in harmonic trap
Consider unitary Fermi gas in an asymmetric harmonic trap with the potential
To leading order, the ground state at chemical potential µ is θ = µt, and the Lagrangian density, evaluated for this configuration and integrated over space, is the free energy
In Eq. (139) the integral is taken over the volume occupied by the fermion cloud, which is determined by A 0 < µ. Taking the integrals one obtains down. One can estimate (but not calculate) the contribution of this region to the free energy by placing (146) as a cutoff in (145), and find
The EFT, in principle, cannot give an answer with an error smaller than F boundary . This uncertainty translates into an uncertainty of order N 5/9 in Eq. (141). Note that this is smaller than the NLO correction by only a factor of N −1/9 .
Conclusion
In this paper we have discussed general coordinate invariance and conformal invariance in the nonrelativistic many-body theory. We also extract physical consequences of these symmetries for the unitary Fermi gas. We find that to the leading and next-to-leading orders in the momentum expansion we need three constants c 0 (or ξ), c 1 and c 2 to completely characterize the dynamics of the system and its response to external probes. While we have some numerical estimates for c 0 from Monte Carlo measurements of thermodynamics, we still lack estimates for c 1 and c 2 . We propose to extract c 1 and c 2 by finding the density and transverse response functions in the low-momentum region using Monte Carlo techniques and matching the results with Eqs. (7). The effective Lagrangian which we have derived can be used to compute many physical quantities. One interesting application is the computation of the kinetic coefficients of a unitary Fermi gas at low temperatures. The knowledge of these coefficients is important for computing the damping rate of oscillations of the trapped gas at low temperatures [7, 26] .
Taking a broader perspective, we expect the general coordinate invariance to have a wide range of applications, since it is a common property of all nonrelativistic systems. In the paper we have considered only systems with one species of particles, but it is straightforward to generalize the general coordinate transformations (17) 
where m 4 and m 3 are the masses of the 4 He and 3 He atoms, respectively.
On the other hand, conformal invariance, at least in three spatial dimensions, seems to be specific to the unitary Fermi gas. It would be interesting to explore conformal invariance in lower-dimensional systems, for example for the anyon gas in two dimensions, which has been suggested to be a superfluid [27] and respects scale invariance [13, 28] .
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A Christoffel symbols and Ricci tensor in the nonrelativistic limit Our convention for the Christoffel symbols and the Ricci tensor is
The covariant derivatives of scalars and vectors are given by
To derive Eq. (90) the following equation is used:
For the metric of the form (27) , one finds
where E i and F ij are the electric and magnetic fields constructed from the field potential (A 0 , A i ):
The completely spatial components of Γ µ νλ coincides with the Christoffel symbols of the three-dimensional space with metric g ij .
For the Ricci tensor, one has
Again, the spatial components R ij coincides with the Ricci tensor of the three-dimensional space with metric g ij . In particular, in the limit c → ∞, the 4D Ricci scalar R coincides with the 3D counterpart.
